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Appendix B
COHERENT DOPPLER SHIFT

The problem considered in this Appendix is as follows: In ap expand-
ing (or contracting) medium, photons emitted at one point and absorbed at
another experience & Doppler frequency shift due to the relative veloclty
of material at the two polnts, with the result that in the course of its
flight a given photon "samples” the absorption coefficient of the material
at frequencies other than the original photon frequency. Thus, for example,
& photon emitted at a "window" frequency (between absorption lines) finds
itself, after traveling some distance, no longer in a "window" but in an
absorption line, and conversely. Accordingly, this coherent Doppler shift .
(so called to distinguish it from the shift produced by random thermal
velocities) tends to decrease the probability of very long (window) and
very short (line-center) photon flights, and so affects the rate of
radiative energy transfer in the medium. Here, we consider only the
optically~thick limit, and obtain an estimate for the change in radiative -

flux per unit temperature gradient. This turns out to be a decrease, at
least for the models we have examined,

~ Consider an optically-thick plane-parallel medium with a small
temporature gradient. The radiative flux (net energy per second crossing
a unit area which is normsl to tlie temperature gradient) can be evaluated
from the angular intensity, which in turn is evaluated from the tempera-
ture distribution. Let x = distance measured parallel to the temperature
gradient, from the plane x = 0 at which the flux is to be evaluated, and
let yu = direction cosine with respect to the negative of the gradient.
Then, assuming local thermodynamic equilibrium, no scattering, and
n?g:;.ig‘ible photon flight time, we have for any temperature distribution -
T(x): . o

+1
H = Jé'-f Iv(“)--‘_‘ ay,
-l -

‘ f B ‘ o ar, '
I, () = j oxp - 1,06, w1 + 3, 2 )] [572) as, .

where the last equation expresses Iv,(p) as & weighted averege of Bv‘('lv')r
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over the pos;;ftble ‘birthplaces of a photon which arrives at x = O traveling
in the p-direction; B,[T(x)] = Planck function characteristic .of the
temperature 2t position x. The quantity Ty(s,u) is the number of mean free
paths, for photons of frequency v, betweda the rrigin and e point s units
of length distarnt . the reversed p-direction. | = ’

When the temperature gradient is small, we may expand T(x) about x = 0
and keep only the first nonvanishing contribution to H,. The result is
3B, P 5 > oTy, - _

57 3 f dp u f exp [-r (8, u)] 55~ 5 ds .
-1 o

&

B =
o w

&l

Ordinarily, T,(s, p) is indepéndent. of p and equal to sf\,, where ,/\,, is the

B

mean free path at x = O for photons of frequency v; the integral over 8 is -

then Just A,, and the usual diffusion approximation emerges:

v 3 voT dx?

1 @
H=3Mc & » o

5]

where /\R is the Rosseland mean free path and B = ! B, dv.

We now introduce & velocity gradient VV. parallel to the temperature
gradient, and evaluate H, again, taking into account the Doppler shift of
the photon frequencies. We will consider only velocity gradients which
are small compared with reciprocal photon flight times, &0 that the
fractional frequency shift is small, but will permit an arbitrary ratio
of line-spacing to frequency shift. A photon to which an observer fixed
at the origin ascribes frequency v interacts with matter at the point
(s, p) according to a different frequency, given by v +8pe v VV/c; the
coefficient of v/c in this expression is the speed with which the matter
at (s, ) is receding from the origin. Accordingly, we obtain

8
dt ‘
T(s “)gf__.—.—— -Q-vac.
A o AU"'tp.aQ ’ /

This is no longer independent of u and simply proportional to s, because
A, may vary rapidly with frequency., After an integration by parts, we

“obtain an expression for the ratio of monochrometic fluxes (st frequency v)

with and without Doppler shift:
| 1

, Hv Q) 3 2 . ' [ 4 at ]
FOT A au ds exp |- e
Hv"o Ay "9[ . g '([ efp : 1[ 'A”'PWQQ

2
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-This ratio can be either greater or less then unity, depending on how/\
behaves at frequencies near v. The frequency-averaged flux, however, is
reduced by the Doppler shift. If we average H_  over a frequency range
covering several lines but small enough that 3B,/aT is effectively constaat,
and call the result (H), we have for the "radiative efficiency"

-1

« q = %{%}% - T}\Y fl dp u° fds €xp [- fs Adt/Av+tu2Q‘]>.

[¢)

Here QA) is the locally-averaged Rosseland mean free path. If instead of a
one-dimensional wvelocity gradient we had introduced an isotropic expansion
with the same characteristic time, we would have gotten the same expression
for ep, except that the coefficient of tQ would be unity instead‘of‘“a,
permitting immediate integration over p.

This formal expression for ep would oe very cumbersome to use for an
actual mean free path wnicn varies rapidly with frequency; Limiting caseo
and simple models, nowever, are illuminating. We see that for sufficiently
large Q, eg approacnes the ratio of local Planck to local Rosseland mean
free patn, whicn is often a very small nuwber. For suca & case the total
energy flux (integrated over frequency) would be given in terms of an
"“opacity" formed by using the local Planck mean free path averaged with the
Rosseland weighting function.

The "efficiency" eg can be evaluated for some simple models of the
frequency-dependent mean free path. If the absorption coefficient consisfs
entirely of uniformly-spaced identical Lorentz profiles (Elsasser's model ),

" one obtains

l (-]
eg = 3] dp ;“2 tanh B [1 + 2 Z exp (~2np) ] ,
0

=l 1 + (2n Na® tanh g)°

where p = 2n + halfwidth/spacing; tenh p -.-/\&//\ ; and N = QAP/SPacing.
When g is small ONP <<J\R), there are three isginct regimes-of N:

~1
2N \
eR ~ (l + _a+l) + tanh B

where a = 2 for one-dimensional expansion, a = O for isotropic expansion.
The angular distribution of the intensity is merkedly different in the two

L3

*W. M. Elsasser, Pnys. Rev., 54, 126 (1938).
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. cases, since long photon flights in directions near u = O are possible in
tbe one-dimensional expansion.

Models in which delta-function lines are superposed on & continuous
background, with either uniform or random spacing, can also be treated; the
results are very similar to those for the Elsasser model with smell B. 1In
all cases examined, the important parameter (besides the Planck to Rosseland
ratio) is N, the Doppler shift per Rosseland mean free path in units of the
average line spacing., This suggests that the effect of coherent Doppler
shift (in the optically-thick problem we have considered) is somewhat like
the effect of "folding" into each line in the spectrum a square broadening
function, with the widths of these chosen in such a way that (for N >> 1)
about 1/N of the windows between lines are not filled in.

h

$

T

L e o



AFSWC-TDR-62-143

Appendix C

NONGREY MILNE PROBLEMS(l)

In its radiative-transfer context, the Milne problem may be stated as
follows: A semi~infinite plane-parallel medium, bounded on one side by &
vacuum, is in local thermodynamic equilibrium and transfers energy only by
radiation; a constant net flux of energy passes outward through the medium
into the vacuum. Find the steady-state temperature distribution in the.
medium and the angular intensity distribution in the vacuum.

For tne most general dependence of the photon mean free peth on
. temperature, density, and frequency, the above conditions have to be
supplemented by a hydrostatic-equilibrium condition or some other relation
which determines the density distribution. When the mean free path is
separable into a function of frequency times & function of temperature and

density, the hydrostatic problem splits off and one has the "Milne-Eddington
model.” If, further, the statlstical distribution of mean free paths is the

same at all frequencies, one refers to the "uniform line-blanketing model";
finaelly, if the mean free path is independent of frequency
altogetner, it is the "grey model.”

In all of the above cases, the "source function" (fourth power of
temperature) is asymptotically linear in the Rosseland optical depth. We
confine our attention, in what follows, to the uniform line-blanketing
model (which includes the grey model as a special case), for which each
" problem is defined by the probability distribution of mean free paths;
the local Rosseland-to-Planck mean free path ratio is then a constant of
the problem, larger than unity for any case except the grey one.

The source function may be written as T + X(T), times a normalizing
constant, Here, T is the Planck optical depth. The angular intensity
distribution in the vacuum, for this model, is a function of one variable
Z, which we may take as (= diréction cosine with respect to the outward
normal to the surface) times L (= mean free path in units of longest mean
free path). Let H(Z) be the specific intensity in direction u, integrated
over those frequencies where the mean free path is L times the longest, in
units of the same quantity for u = O+. (u = O+ corresponds to grazing
emergence from the surface.) The function H(Z) is sometimes called the
limb darkening, and is expressible in terms of the Laplace transform of
the source function. Both X(T) and H(Z) depend on the probability
distribution P(L). ,

The grey case, fé&) = 8(L - 1), has )bren solved exactly and by many
approximate methods. The exact X(O)(3) and several approximate
‘solutions 4,5)  nave been published for various non%fey cases, One
approximate method, that of "discrete ordinates,"(5: )" becomes exact in

the limit of infinite order of epproximation, but then involves finding

5
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the roo%s of an algebraic equation of infinite degree. We have found a
way to remove this difficulty by spacing the poles of the equation (which
can be freely chosen in the method) uniformly along the real axis; this
permits the roots to be obtained from an approximating function which
becomes exact in the limit of an infinite number of poles and roots. Thus,
the exact solution for arbitrary P(L) has been obtained. The results are
as follows:
Ty

un-famam? ,
Y

l' 0
.F(Y)sa%?yfﬂgf%l[lnl%—}%l-%] ;
o - -
| F(Y) = mcot nG(Y) , 0<G<1 v s
1 .
H(Z) = (L +2) exp f ay [51[- - Z’%«‘?] . [1 - G(Y)], )

o fmat L,
m)diﬂfmmm%ﬁm’

1
e= @ [ s(myax ,
|

1
() =q - @ f 4z W(z) exp <{- T/Z(L'l)) ,
o]

where { ) means an avérage with respect to P(L). Thus, (L) ° (I.'l)is the
Rosseland-to-Planck mean free path ratio.

Three additional relations which emerge from the theory purport to be
identities for any P(L). . They are

B s e i P et e s o\ ene & noh 4 o s N s

T ISHESLEN
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i
i

‘ay [1 - 6(Y)}/Y = %—m Gy w)y=r ,

It
[ 65}
]
b )

10 -

x(0) =\[ayzy/3=2 .

' The last of these (in which P is not to be confused with P(L)) is Hopf's
relation for the surface temperature. (3) All three can serve as self-
consistency checks for a numerical calculation.

1.
8 sf Ay Y G(Y) = 3= @3y =
o]

In Appendix D we present numerjcal results for a family of “pickete
fence" cases, P(L) = [6(L - 1) +¢D° & (L - D)]/(L + CD7), which were
treated approximately by King, (5) _ The constants C and D are chosen so
that the quantities LAM 1 = (LY(L"Y) aud 1AM 2 = (I?)(L-1)¢ are the same

" as for an Elsasser * wmodel with 2n » (line halfwidth)/(line spacing) = B..

The quantity LAMDA is (L"l) , the longer nxfp/Pla.nck mfp. The grey case

B = =) 1(5 included as & check; comparison with the published exact
solution(2) shows errors confined to the eighth decimal place in H(Z) and
the fifth in X(T). For the other cases, the close agreement of R with R,
$ with Sy, and P with X(0) is indicative of similar accuracy.

One important parameter of the temperature distribution is the
extrapolation length (in units of the Planck mean free path) Q, which is
the limiting value of X(T) for large T, so that the asymptotic part of
the source function extrapolates to zero a distance Q Plenck mean free
paths outside the surface of the medium. The related quantities Q/LAM 1
and Q/LAMDA are the extrapolation length in units of the Rosseland and
longest mean fres paths, respectively. We find that the former is always
larger, and the latter alweys smaller, than the value 0.710446 (which is
Q for the grey case); this exhibits one effect of line absorption on the
temperature distribution. :

A much more pronounced effect is the behavior of X(T) near the sur-
face. Tnis is best perceived by plotting [T + X(T)]/1AM 1 against
’J.'/LAM 1 for various B; the resulting family of curves would represent the
source function versus Rosseland optical depth, normalized so that all
models have the same net flux of radiation. With decreasing p (increasing
“nongreyness"), the surface temperature sinks in accordance with Hopf's
relation, and the source function becomes steeper near the surface, This
is the "blanketing effect of line absorption" of the astrophysical
literature. A practical consequence is that the presence of the cool
surface layer can influence the observed spectrum of a stellar or
terrestrial plasma appreciably. ' ‘

J*W. M. Elsasser, Phys, Re';r. % 7
5k, 126 (1938).
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Appendix D
SOLUTIONS. OF NONGREY MILNE PROBLEMS
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Appendix E
SCREENING CONSTANTS

The two-electron screening constants tabulated here, called SIGMA,
are defined exactly as in Mayer's report®; N(1) and L(1) are the principal
and azimuthal guantum numbers of electron 1, whose ionization potential is
sought; N(2) and L(2) refer to electron 2, which partially screems the

o nucleus from electron 1. The numexrical differences between our results

" points of the classical orbit. The quantity N2 G2/4

and Mayer's are to be attributed to our use of WKB radial charge densities,

which depend (for a given orbital) only on the oca.t%on of the turning
(vhere N = principal

quantum number, G = geometric mean of the iwo turning points, and A = gith-

metic meen) is sometimes alleged to be £ (4 +1) and sometimes (4 + %)% -

we have used the average of these two expressions, which ylelds couiduﬂﬂ.a
better results than either one aloune.

' R. Mayer, Methods of ity Calculations, lLos Alamos Bcientific
hbontory Re » . oo
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